A selfconsistent solution with respect to both free and bound electron energy states is presented for a low temperature monatomic plasma. The deviations from a Maxwellian electron distribution under the action of unbalanced resonance transitions of the plasma atoms are incorporated in analytical form using a recursion formula, which links the high energy tail of the electron distribution function to its low energy part. The unbalance of the resonance level may be due to diffusion processes and/or radiation escape, which reflect the influence of the plasma boundaries. The population densities of the bound electron energy states are numerically determined by an iteration procedure. The calculations were performed for a cesium plasma both without and with consideration of resonance level diffusion and ambipolar diffusion. As is to be expected, the effect of a disturbance of the electron distribution on the population densities increases with decreasing electron density and increasing electron temperature.
I. Introduction
The theory of nonequilibrium population densities in low temperature monatomic plasmas is usually treated on the basis of a Maxwellian electron distribution [see, for instance, [1] [2] [3] [4] ]. There are a few attempts to take into account departures from the Maxwellian electron distribution when calculating departures from the Boltzmann distribution of atomic energy levels due to radiation escape and particle diffusion. In these calculations the kinetic equation for the isotropic part of the electron distribution function is either numerically integrated [5] [6] [7] or analytically solved for a rather limited energy range including the resonance excitation energy 8_12 .
The analytical solutions generally apply to situations, in which only one unbalanced electron collisional excitation process markedly influences the electron distribution. Such comparatively simple situations usually occur in low temperature hydrogen or alkali metal plasmas, where the main disturbance effect on the electron distribution results from the collisional unbalance of the resonance level. For such cases the analytical solution can be extended up to and even beyond the ionization energy of the plasma atoms without introducing a formalism, which would be too complicated for a numerical evaluation. Moreover, as has been verified by the author in a previous paper 13 , a recursion formula exists, which links the high energy tail to the low energy part of the electron distribution function.
In the previous paper the study was aimed at the calculation of the disturbance of the electron distribution in a low temperature cesium plasma due to a nonequilibrium population density of the cesium resonance level. The basic simplifications underlying this calculation were the decoupling of the resonance level from all higher levels and the treatment of the electron density as a free parameter.
In this paper we drop the weak coupling assumption for the resonance level in order to perform a selfconsistent calculation with respect to both free and bound electron energy states in a low temperature cesium plasma.
In contrast to the weak coupling case the selfconsistent calculation does not yield an analytical solution to both the electron distribution and the resonance level population. Rather the resonance level population density and the electron density remain as parameters in the analytical solution for the electron distribution. Substitution of this solution into the collision integrals for inelastic electronatom collisions transforms the particle balance equations into a system of coupled nonlinear equations, which can be numerically solved by an iteration method. The evaluation of these equations considerably simplifies by application of the recursion formula for the high energy tail of the electron distribution function.
II. Model
In our study we refer to the stationary state of a plasma, which is composed of electrons, atomic ions in their ground state, and atoms in their various excitation states.
We assume that the electron distribution is weakly anisotropic. We further assume that the deviation of the isotropic part of the electron distribution from a Maxwellian distribution is essentially determined by unbalanced electron collisional excitation and deexcitation of the resonance level. We thus presume that the electric field effect is limited to an electron temperature elevation over the common translational temperature of the heavy particles.
We limit the consideration to electron collisional and radiative exeitation-deexcitation and ionizationrecombination processes as well as to resonance excitation diffusion and ambipolar diffusion. The diffusion processes are taken into account by introduction of characteristic inhomogeneity lengths as free parameters.
We assume that the plasma partially reabsorbs resonance radiation, but is completely transparent to nonresonance radiation. The reabsorption of resonance radiation is taken into account by a resonance radiation escape factor as a free parameter.
We neglect deviations of the low energy part of the electron distribution from a Maxwellian distribution as far as the integral coefficients in the Fokker-Planck term for electron-electron interactions, the rate coefficients for electronic three body and radiative recombination, and the translational energy exchange between electrons and heavy particles are concerned.
The above model assumptions are valid and consistent, if certain conditions are satisfied. These conditions are summarized in the Appendix.
III. Governing Equations
According to the above plasma model the nonequilibrium population densities of bound and free electron states can be derived by sole consideration of the particle balance equations in connection with the kinetic equation for the isotropic part of the electron distribution function. The electron energy balance may be added to compute the electron temperature elevation for a prescribed electric field strength or vice versa. 
The factor
arises from substitution of a Maxwellian electron distribution into the integral coefficients of the Fokker-Planck collision term. 
where rt denotes the diffusion rate of the atomic energy level i. v _ = V8 kT jji is the thermal electron velocity.
Equation (2) has been formulated in terms of the normalized particle densities af = n,-/nj B and /V_ with : B = n0 -exp ( -rji) and = 9o 2 g+(m_kT_yi 2 .
9o \ 2 n h 2 gi and g + are the statistical weigths of the excited atoms and the ions.
The normalized collision integrals for electron collisional excitation-deexcitation and ionization-recombination processes are defined by the expressions
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electron temperature, if the free electrons are Max-
In accordance with Eq. (2) the particle balance equation for the free electrons can be written in the
where the ambipolar diffusion rate is given by the order of magnitude relation The index signifies the lowest atomic energy level, which within a prescribed accuracy is in Bohzmann-Saha equilibrium with all higher levels and the free electrons, i.e. for i ^ I' T the relation a^N-
holds. c) electron energy balance
rn-2, V -a ofm0 0 = 1,+ o + -oo where
is the average momentum transfer collision frequency. In Eq. (7) the average energy loss due to collisional energy transfer between electrons and heavy particles has been formulated on the assumption of a Maxwellian electron distribution in the low energy range. QR denotes the radiation loss resulting from line and continuum radiation escape and can be calculated by the formula
where for the adopted plasma model A-t + 0 = 1 holds.
The last two terms of Eq. 
kT_ (rjj -rji) 3 which follows from the distorted wave approximation 14 by an appropriate choice of the effective Gaunt factor. is the absorption oscillator strength for the transition j. For the cesium atom, the experimentally determined threshold slope of the resonance excitation cross section is So-».] ^95 Ä 2 / ev 15 , This value is smaller than the theoretical value by a factor of approximately 0.7 (when using /0->i ^ 1.13 16 ).
The electron collisional ionization cross sections have been calculated according to Gryzinski x A) Ö C is a constant, which for cesium amounts to 6.56 10 2 Ä 2 (ev) 2 .
For ionization from the ground state a cross section formula for the threshold region analogeous to that for excitation may be used, i. e.
QT 0 (12) where for cesium the value So-»+ = 2.7 Ä 2 /ev can be deduced from experimental data 18 
V. Resonance Radiation Escape Factor
The escape factor for resonance radiation in low temperature cesium plasmas with moderate ionization degrees is essentially determined by resonance where and dv are respectively the reabsorption coefficient in the line center and the line width. /Q denotes the modified Bessel function of zero order. Estimates on the basis of Eq. (14) show that for cesium plasmas of linear dimensions A between 10 _3 m and 10 _1 m the resonance radiation escape factor varies from some 10~3 down to some 10 -4 .
VI. Solution Method
The solution of the kinetic equation for the isotropic part of the electron distribution function proceeds as described in the previous paper by subdividing the electron energy range into multiples of the resonance excitation energy and using the inequality
for all but the first subregion (0 rj The appearance of a term proportional to "/(rj + fj^) in the kinetic equation for the first subregion suggests an iterative solution procedure. The lowest order of the iterative scheme, is calculated by completely ignoring inelastic and superelastic electron collisions in the first subregion. The first order approximation, y^(rj), is then determined by substitution of (v) i n inelastic and superelastic collision terms of the first subregion. The continuation of this iteration leads to a rapid convergence of the solution, since inelastic and superelastic collision processes do not very much disturb the electron distribution in the thermal energy range, provided that exp ( -fj^)
1. Substitution of Eq. (10) for the collisional excitation cross section of the resonance level yields an analytical solution, which in the lowest order of approximation and for the first two energy subregions reads 
is the ratio between the inelastic electron-atom collision rate and the electron-electron interaction rate. The integration constants Kx... K3 follow from the normalization condition for the electron distribution function, which implies a finite value of y (>7) for rj-^oo, and the continuity condition for the electron distribution function and its derivative. In particular, we have As demonstrated in the previous paper, a simple recursion formula y(v)^Oir(ri-Vi) (20) exists for all values rj, for which (rj -tjx) ^ 1 holds. Since for low electron temperatures the recursion formula is usually valid for it is sufficient to calculate the electron distribution function within the first two energy subregions, according to Equation (16) .
Substitution of the analytical solution, Eq. (16), into the collision integrals of the particle balance equations and application of the recursion formula, Eq. (20), leads to a system of nonlinear coupled equations for a; and which are numerically solved by an iteration method.
VII. Results and Discussion
The nonequilibrium population densities of bound and free electron states have been numerically evaluated for the example of a cesium plasma. The calculations were performed for a prescribed number density n0 = 10 15 cm~3 of ground state atoms and a translational temperature Ta= 10 3 K of the heavy particles taking into account up to 41 atomic energy levels, 25 of which were assumed to be in a nonequilibrium state. The parameters, which determine the departure from equilibrium, are the radiation escape factors and the characteristic lengths for excitation diffusion and ambipolar diffusion. In particular, it is assumed that nonresonance radiation freely escapes the plasma volume and nonresonance level diffusion is negligibly small, i.e. that A^j^o = l and h>i = 00 hold.
In Fig. 1 For all cases the resonance radiation escape factor is assumed to be A^^ = 1CP 3 . The characteristic lengths for resonance level diffusion and ambipolar diffusion are taken to be equal and are supposed to lie within the centimeter range, where small variations in the length scale induce large changes in the departure from Saha equilibrium, as can be seen by comparison between plots II and III. One observes that at a fixed electron density increased plasma losses by additional diffusion processes (or increased radiation escape) weaken the Maxwellization process through an electron temperature elevation, whereas at fixed electron temperature increased plasma losses enhance the Maxwellization rate in the lower branches of the n_(T_) plots through an electron density elevation. Generally, the difference between solid and dashed lines increases with decreasing electron density and increasing electron temperature. This is, of course, a consequence of the lowering of the Coulomb cross section determining the parameter , which in turn together with a lowering of ax favours the disturbance of the electron distribution. The /i_(T_) functions are multivalued above certain critical values of the electron temperature and the plasma loss parameters. This ambiguity can be explained by the cumulative ionization mechanism: for high electron densities the enhanced diffusion and radiation losses can be compensated by an enhanced cumulative ionization, whereas for low electron densities, ionization preferentially from the ground state is sufficient to balance the decreased plasma losses. Moreover, with decreasing electron density the influence of radiative recombination increases in comparison to electronic three body recombination. Generally, consideration of diffusion processes and/or deviations from the Maxwellian electron distribution leads to double valued functions n_(T_) defining a minimum electron temperature, below which the discharge is extinguished. In the diffusionfree case and for a Maxwellian electron distribution even three different values of the electron density exist for each electron temperature within the ambiguity regime. These features are, of course, embedded in the mathematical structure of the electron particle balance, Equation (5). They may be graphically deduced by plotting a normalized difference ÖT _ between ionization rate and recombination-diffusion rate as function of JV_ at fixed values of n0 and T_. The zeros of such a plot give the consistent solutions. The decrease of the electric field strength under the action of a depletion in the high energy tail of the electron distribution is seen from Figure 4 . The results are shown for the same parameter values as in Figure 1 . As is to be expected, diffusion and heat conduction losses in addition to radiation escape increase the electric field strength.
After having finished up this work, some experimental and theoretical results 26 ' 27 concerning the electron distribution in the positive column of a cylindrical low pressure cesium discharge came to the author's knowledge. The measurements, which have been performed for /z0 = 10 15 cm -3 in the narrow energy range 1 ev < e_ < 2.5 ev indicate a nearly Maxwellian electron distribution for electron densities down to 2 • 10 11 cm -3 . For lower electron densities pronounced deviations from the Maxwellian electron distribution have been detected, which for very low electron densities again decrease -probably due to a simultaneous lowering of the electron temperature. Unfortunately, the uncertainty in the experimental plasma loss parameters prevents an exact comparison between theory and experiment. This is particularly so, since an additional consideration of diffusion processes can be compensated by a simultaneous reduction of the radiation escape factors. As a matter of fact, even on the assumption of vanishing diffusion, both the E Venn theoretical work done specifically for these experiments and our theoretical results predict deviations from the Maxwellian electron distribution for much higher electron densities than n_ = 2-10 11 cm -3 , if o=l and 10~4.
VIII. Appendix
There are a number of effects, which are omitted from consideration in order to simplify the theoretical model. The validity and consistency of such model simplifications are established by certain criteria, which are summarized in Table 1 . as in Figure 1 . V™0/4 kTa\Vi-V0\ denotes the cross section for Table 1 . 
